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1 Orthonormal Basis of L? and the Fourier Transform

1.1 An orthonormal basis of L?*(T)

If £ € R", we define F¢ : R® — C by E¢(x) = >™@¢ where - & = > I 2;&. Let
€= (B ke

Proposition 1.1. & separates points in T = R"/Z"™: For a,b € T", if Ex(a) = Ex(b) for
all k € Z™, then a = b.

Proof. Assume Ej(a) = Ej(b). Then e?™ah = 2mibk g4 o2milb=a)k — 1 So cos(2m(b —
a)-k) =1, and sin(27(b — a) - k) = 0. This means (b — a) - k € Z, and this holds for all
k € ZF. In particular, taking & = (0,...,0,1,0,...,0), we conclude that e2milbi—aj) —
for j =1,...,n. So bj —a; € Z, which means that b; — a; = 0 (since a,b € [0,1)" and
]aj — bj| < 1). ]

Theorem 1.1. The collection & is an orthonormal basis of L?(T™) for the inner product

= Jou F@)g(@) de = [ 1, J(@)9(x) do.
Proof. Let k,£,€ Z™. Then

1 k=4
E,E — 27rzk[:rd _ / 2mi(k :v]d _
< k €> /[071” T = H T 0 k;ﬁé.

So & is orthonormal.

It remains to show that & spans a dense subset of L*(T™). Let A = {3, .y MEr: A C
Z™ is finite, \y, € C}. Since EpFEy € € for any k, ¢ € Z™, one checks that A is an algebra in
C(T™). Since C = {A\Ep : A € C}, we conclude that A contains the constant functions. By
the Stone-Weierstrass theorem, A is dense in C(T") for the uniform norm. If f € L*(T")
and € > 0, there exists ¢ € C(T") such that ||f — g||2 < /2. Choose h € A such that
llg — hllweqe/2. Then ||g — hll2 < ||g — h||u, since m(T) = 1. Consequently, ||f — k|2 < e.
This proves that A is dense in L?(T). O



1.2 The Fourier transform

Remark 1.1. Let f € L?*(T"). Then

F=> (LB B, IfIE= D [{f B -

kezm kezn

Set R R R
Je = ([, Ex) , f = (fr)rezn.

We have a map A : L? (T") — 2(Z") sending f f. This is an isometry because this
relation gives || f|l2 = || f|l2 (Parseval’s identity).

Remark 1.2. Observe that if f € LY(T™), since B}, € L®(T"), we have fE), € L*Y(T"),
and so fi is still well defined. Note that

f(l,)e%rik:-a: dx
T7L

| fil = < ||flls

In other words,

1 Fllemezny < 111

Theorem 1.2. Let 1 < p < 2, and let ¢ =p/(p — 1) be the conjugate exponent. Then the
Fourier transform A extends to a linear map A : LP(R™) — ¢4(Z™) such that

| flleazny < [1flLormy-

Proof. We want to apply the Riesz-Thorin theorem. Set pg = 2 and p; =1, so ¢o = 2 and
g1 =o00. Set t =2/p—1¢€(0,1), and set

1 ¢t 1-t 1 1t 1—t 1
+— = =

)

Dt Po Po b qt q0 q0 q

By the Riesz-Thorin interpolation theorem,

I Flleazny < MEMGT fllzocany = £l ooy

aSM():Ml:l. ]
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